THE LIMITING DISTRIBUTION OF CHARACTER SUMS

AYESHA HUSSAIN

ABSTRACT. In this paper, we consider the distribution of the continuous paths of Dirich-
let character sums modulo prime g on the complex plane. We also find a limiting distri-
bution as ¢ — oo using Steinhaus random multiplicative functions, stating properties of
this random process. This is motivated by Kowalski and Sawin’s work on Kloosterman
paths.

1. INTRODUCTION

Given a primitive Dirichlet character y modulo ¢, we define the normalised partial char-
acter sum

Sy(t) = ;g S (),

n<qt

for ¢t € [0,1]. Such character sums play a fundamental role in analytic number theory. Our
goal is to study the distribution of character sums for prime modulus ¢, and find the limiting
distribution as ¢ — oo, answering the open problem set by Kowalski and Sawin [13, Section
5.2].

When investigating the maximum of these character sums, Bober, Goldmakher, Granville
and Koukoulopoulos [2] studied the distribution function for 7 > 0,

1 e
1 D (1) = #{X mod ¢ : max |5, (¢ >7’}.
(1) q(7) o) ax[Sy(f)] > —
The limiting distribution of ®, is
(1) =P (m;dx |EF(t)| > 26%’) )

where F'(t) is a random Fourier series defined later in this paper [2, Theorem 1.4]. We find,
through different methods, that the limiting distribution of character sums, not just their
maxima, uses the same random series. Our main theorem can also be used to recover their
result.

The character sum S, (¢) is a step function, with jump discontinuities at every t € 1Z. In
order to circumvent the difficulties posed by these discontinuities, it is natural to consider
a continuous modification, where the steps are replaced by straight line interpolations.

Definition 1.1. Character paths are paths in the complex plane formed by drawing a straight
line between the successive partial sums

SX((E) = % anqr X(”)’ SX<w + 1/q) = % anqurl X(n)7

for x €[0,1) and qx € Z. We parameterise character paths by the function

Fult) = Sy(t) + {jg}x (Tat),

where {x} is the fractional part of the number x.
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Odd path defined by x(5) =e (

Even path defined by x(5) =e (

To007)- To007) -

FiGURE 1. Character paths of an odd and even character modulo 10007.

Note the difference between character sums and character paths is bounded by —=

S

Character paths, like character sums, are periodic and have the truncated Fourier series

00 s X logg
(2) 2“\@0%:@ (1= kt))+o<ﬂ>.

Character paths are polygonal, continuous and closed. Examples of character paths can be
seen in Figure 1.

We define the distribution of character paths by taking x mod ¢ — f,(¢) as a random
process, choosing x uniformly at random. Let us write F, for this random process,

Fu(t) = {fy(t) : x mod g}.

One of the main goals of this paper is to find the limiting distribution of the sequence (Fy),
as ¢ — oo through the primes. For this, we need Steinhaus random multiplicative functions.

Definition 1.2. (1) Steinhaus random variables X, are random variables uniformly
distributed on the unit circle {|z| = 1}.
(2) Steinhaus random multiplicative functions X,,, n € N, are defined as

X, =[] x3,
p*ln
where X, are Steinhaus random variables for prime p. We extend this definition
ton € Z by taking X_1 = +£1 with probability 1/2 each, so X_,, = X_1X,,. (Here
p?||n means p® strictly divides n, so p*|n but ptin).

Steinhaus random multiplicative functions are completely multiplicative, with all values
distributed on the unit circle. This leads to a natural question: can we compare partial sums
of characters with partial sums of Steinhaus random multiplicative functions, assuming
similar behaviour? Sums of Steinhaus random multiplicative functions might be a good
model for short character sums, but the periodicity of the characters means that for long
character sums the model fails. Instead, we consider X,, as Fourier coefficients. The sums
of Steinhaus random multiplicative functions have a long history. See Harper [10] for an
example of recent work on this.

Consequently, we must find a way to incorporate the periodicity from the character sums.
Let F(t) be the random Fourier series

3) F(t) = b 37 2R elh),
|k|>0
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A sample of F_(t). A sample of F4 (t).

F1GURE 2. Samples of Fy with 10007 terms.

where X} are Steinhaus random multiplicative functions for & # 0 and 7 is a random
variable uniformly distributed on the unit circle. Additionally, take Fy (¢) where we fix X_;
as +1 or —1. The infinite series is well defined, and we show in Section 2 that this is almost
surely the Fourier series of a continuous function. Therefore we can think of F' as a random
process on C([0,1]). Examples of the paths formed by Fy are shown in Figure 2.

Using the random Fourier series F', we state the main theorem of the paper:

Theorem 1.1. Let Fy be defined as above for t € [0,1]. The sequence of the distributions
of character paths (Fq.+(t))q weakly converges to the process Fy(t) in the Banach space
C(]0,1]) as ¢ — oo through the primes. In other words, for any continuous and bounded
map

¥:O([0,1]) = C,
we have, for prime q,

Jim E (0 (Fp.2)) = E (0(Fx))

1.1. Proof Outline. Theorem 1.1 shows that Steinhaus random multiplicative functions
can be used as Fourier coefficients of a random process F' to find the limiting distribution of
character paths. In Section 2 we properly define the random process F' and prove some of
its properties. Theorem 1.1 only makes sense if F(¢) is a function almost surely in C([0, 1]),
which we prove in Theorem 2.2.

The proof of Theorem 1.1 can be split into two parts: proving that the sequence (Fy 4+ (¢))q
converges in finite distributions to the random process Fi(¢) and that the sequence of
distributions is relatively compact. Convergence in finite distributions is proved in Section
3, using the method of moments. To prove relative compactness, it is sufficient to use
Prohorov’s Theorem [1, Theorem 5.1], which states that if a family of probability measures
is tight, then it must be relatively compact. Section 4 proves the sequence of distributions
(Fq,+(t))q satisfies the tightness property, therefore proving Theorem 1.1.

Remark 1.1. As referred to earlier, Bober, Goldmakher, Granville and Koukoulopoulos [2]
investigated the distribution function ®,(7), defined in Equation (1). They proved (2, + (7))
converges weakly to

Prob (mtax |Fy(t)] > 2677) .
as ¢ — oo through the primes. Theorem 1.1 can be used to obtain the same result.

Remark 1.2. The definition of character paths is motivated by similar research by Kowalski
and Sawin [13, 12]. In their papers they define Kloosterman paths, K,(t), view the paths
as random variables, and find their limiting distribution as p — oco. My work continues
in this vein to investigate the analogous limiting distribution of character paths. Due to
the multiplicativity of Dirichlet characters, our random multiplicative coefficients X,, aren’t
independent. This leads to interesting properties shown in Section 2.
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Remark 1.3. Theorem 1.1 is restricted to ¢ being prime, so a natural question is to consider
composite ¢ as well. Steinhaus random multiplicative functions are non zero so we need a
high percentage of primitive characters modulo ¢. If we take ¢ not being too smooth we
might be able to relax this condition, as the contribution from imprimitive characters could
potentially be included in the error terms already produced from the method. Future work
could explore the generalised case when the modulus of the characters is not prime.

Notation. We follow the usual convention of e(z) = €2™@ for all z € R and p*||n to be
when p’|n for all 1 < j < k and p**!n. We take dy(z) as the Nth divisor function for

rz €N,
dN(LL'): Z 1.

T XIN=T

Given a positive integer n, we define P (n) and P~ (n) as the largest and smallest prime
divisors of n. We take P*(1) = 1 and P~(1) = co as in conventional notation.

Acknowledgements. I would like to thank my Ph.D. supervisor Jonathan Bober for his
guidance, as well as Andrew Granville and the anonymous referee for their comments.

2. PROPERTIES OF F(t)

Recall the random process F, defined by the infinite sum

. 1 —e(nt)
F(t) = - Z TX,L,
n#0

where X,, are Steinhaus random multiplicative functions, defined in Definition 1.2, and 7
is a random variable uniformly distributed on the unit circle. We define the infinite sum as
a limit of the smooth sum

n 1 —e(nt) x
ns
2w
P (|n|)<y
as y — oo. In this section we deal with samples of the random process and prove some of
their properties. We will be using sample functions of the random process, which we define
here for ease of notation.

Definition 2.1. We say G is a sample function of the random process F, where

G(t) = < Z L=elnt) O,

™ n
n#0

for ¢ a sample of a Steinhaus random wvariable and o, is a sample of a Steinhaus random
multiplicative function.

The Fourier coefficients are bounded by O(1/n). This will be useful later in the section,
where we show the infinite series F' can also be defined as the limit of partial symmetric
sums.

Our main result of Section 2 is proving any sample function of F' is almost surely con-
tinuous. This is non trivial and involves considering the y-smooth and “y-rough” parts of
the infinite sum G().

Let
1-— t 1-— t
Sy = Z 1=e(nt) )an and R, = Z 1= e(nt) )am
n#0 " n#0 n
PH(Inh<y Pt (Inl)>y

where P*(n) is the largest prime factor of n. Note that S, + R, = ZG(t) and the two
functions are not independent.
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Lemma 2.1. For all € > 0 and sufficiently large y > 1,
—e*y'/? (logy)*’
P (|| Ryllo 1 —_— Ol
1 > 0 < v ety (10 gy o) +00e9)

independently of Sy, where || - || = maxicoq)| | Notably for all ¢ > 0, we have
P(|Rylloc >€) — 0 as y — 0.

Proof. For all y > 1,

Z 1- Z(mﬁ) o, = Z % Z 1- eT(nmnt) o,

n>1 n>1 m>y
PT(n)>y PT(n)<y P (m)>y

where P~ (m) is the smallest prime factor of m. By setting

1 — e(mt)
T = _
(o) = max mZ>y |,
P~ (m)>y

we have

1-— t T
IRyl = max | Y ﬂan <2 ¥ ﬂ_
te(0,1] n
n#0 n>1
PF(n)>y Pt (n)<y

We then use the following result [14, Theorem 2.7],

1
> Loy +o,

P+(n)<y
where we took the limit of the Lemma. Consequently, ||R,|lc is bounded above by

[1Rylloe < 2T'(a) (" logy + O(1)).

Adapting [2, Proposition 5.2] for Steinhaus random multiplicative functions!, for k& > 3
and y > k3,

2%
1 —e(mt) 1
E —ay, L T
,; m (log y)*0*
PT(n)>y

We set p, as the probability T'(a) > €(y) and

o |0

logy
Therefore,
2¢(; )2 1/3
CET@) ey () )T
=T Qogy)™ =\ (logy)®
Taking €(y) = Wgﬁ(}(l) for € > 0,
2€2y1/3
. 267 ].Ogy+ O(l) Tog y(2e¢7 log y+0O(1))
P 0> <P(T(a)> ——— T oe 120
(IRy[loc > €) < ( (@) > 55 1ogy+0(1)> ( e(logy)2°

<o <1ogy<;gzj 1+/30<1>> & (1&/%(1)) +1e8(0(9)) ).

LWe take g — oo and apply a sample of a Steinhaus random multiplicative function «, instead of x(n).
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To prove the final part of the lemma, we take y — oo to show the probability tends to 0,

0<P(|Rylloe > ¢) < lim e < e (10 ( (log ) >+O(lo ))) 0
0o € X logu 4+ O(1) ¢ -
= (4 oo P logy(logy + O(1)) 8 logy + O(1) ¢

O

Lemma 2 can be appreciated more by taking e = 1/logy, leading to the following exam-
ple. For sufficiently large y > 1,

P (1l > ) < e <logy>3<foi;3+ oy (1 (%) +0(ogloxy) ) |

independently of S,,.
Subsequently, defining F' as the limit of its smooth parts, we get the following theorem.

Theorem 2.2. Let F' be the random Fourier series

F(y=1m 1y Lelmly

where X, are Steinhaus random multiplicative functions and n is a random variable uni-
formly distributed on {|z| = 1}. With probability 1 this is the Fourier series of a continuous
function.

Proof. We will prove this theorem by showing any sample of the random process F' is almost
surely continuous.
Consider the sequence of functions (Sy), and (R,), defined by

c 1 —e(nt
sm=< 0y e,
n#0
PT(In))<y
c 1—e(nt
R=2 Yy g,
n#0
PH(In|)>y

where ¢, o, are on the unit circle and {, } are completely multiplicative. Note that samples
of the random process F' can be written as S, (t) + R, (t) for appropriate choices of «,, and
c.

The function S, is the y—smooth part of a sample of the random process F, which we
call G(t). The sum S, converges absolutely, so S, (¢) is a continuous function.

To prove continuity with probability 1, we use the first Borel-Cantelli Lemma [9, Chapter
2, Theorem 18.1] to show the y—rough part of G vanishes as y — co. Cousider the sequence
{Ry : ||Ryllcc > €}y, where ||Ry|/c is the maximum of the y—rough part of G. Using
Example 2,

S S —y'/? (log y)*° oelo -
2 Flll =0 < ;exp{ﬂogwsuogywu)) (18 (g 0y ) 0 ostos ) <

As a result, the probability of | Ry || > € occuring infinitely often is zero. Therefore, almost
surely the rough part of the sample of F' is less than e. Consequently, R, vanishes almost
surely as y — o0.

As a result, the sequence of continuous functions (.S,) uniformly converges to its limit,
which by the Uniform Limit Theorem must be continuous. By uniform convergence we can
compute the Fourier expansion, which recovers exactly what we expect. We defined F' as the
limit of its smooth parts, so therefore any samples of F' are almost surely continuous. [
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At the start of this section, we defined F(¢) as the limit as y — oo of the smooth sum

7 1 —e(nt) X
n-
T ; n
P*(In])<y
Since the Fourier coefficients are bounded by O(1/n) and F' is almost surely a Fourier series
of a continuous function, all finite Fourier sums converge to F' uniformly [11]. Consequently,
we can also define the process F' as the limit as N — oo of the partial symmetrical sums

U Z 1—ent

|n\<N

Therefore for the rest of the paper we can interchangeably use either definition for the
infinite series F'(t).

3. CONVERGENCE OF FINITE-DIMENSIONAL DISTRIBUTIONS OF F,

In order to prove Theorem 1.1, we will first show convergence of finite-dimensional distri-
butions. We take (Fg +(t))q prime as the sequence of distributions of character paths modulo
¢ dependent on the parity of the characters. Let F () be random processes defined by

o Xk _n Xk
t) =~ ;;1 o sin(2mkt) and F(t) =~ ;; (1= cos(2rkt)),

where X, are Steinhaus random multiplicative functions, defined in Definition 1.2, and 7
is uniformly distributed on the unit circle.

Theorem 3.1. Let g be an odd prime. The sequence of the distributions of character paths
(Fq.x(t))q converges to the process Fy(t) in the sense of convergence of finite distributions.
In other words, for every n > 1 and for every n-tuple 0 <t; < --- < t, <1, the vectors

(Fax(ta), -, Fox(tn))

converge in law as ¢ — oo through the primes to
(Fe(ty), ... Fe(tn)) .

We prove this by the method of moments. We will define a moment My, of our dis-
tribution F, and a moment M for the random process F'. In Section 3.3, we prove M is
determinate. Subsequently, in Section 3.4, we prove this sequence of moments M, converges
to M, the moment of F'. This is sufficient to prove Theorem 3.1.

We are considering odd and even character paths separately. In this proof we will focus
on results for odd character paths as the proof is analogous for the even character case.
Where this is not the case, any changes will be addressed throughout the section.

3.1. Definitions of the Moments. The Fourier series of the character path is

T x(k l

This results from truncating the Fourier series of the character sum S, (t) and the trivial
inequality |f, (t) — Sy (¢)| < ﬁ. The paths of odd and even characters are shown to differ

greatly, exemplified in Figure 1, due to the constant term vanishing when y is even. As such,
this paper will assess distributions of these character paths modulo odd prime ¢ separately,
dependent on parity. As a Fourier series we split this into

X) Zk 1 XK sin(2rkt) + O ( ) X even,
mf Zk L X (1 — cos(2mkt)) + O ( (i/éq) ,  x odd.

fult) = {
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We define our moments M, and M. In this section we will assume x is odd as the proof
is analogous to the even case. Therefore, taking a function from the odd distribution F, _,
we will take the character path modulo ¢ as

N (P
RO =250 3 T t>>+0(ﬁ).

We will also be considering the odd random series
X
F_(t)= % Z ?k(l — cos(2mnt)),
n>1
which for ease of notation will be referred to as F'(t) for the rest of this section.

Definition 3.1. Let k > 1 be given and t = (t1,...,tx), where 0 < t; < -+ <t <1, be
fized. Additionally fir n = (ny,...,nk) and m = (mq,...,my), where n;,m; € Z>q. We
define the moment sequence My(n,m) as

M,(n, Z fo Fele)™,

X oddi=1

k
- (H F(tz—wF(mW) |
=1

The moment M (n,m) is well defined. To show this we prove the equivalent result that
E(]F(t)|™) is bounded for all n. By Fubini’s theorem,

E(|F@)|") = /OOO nx" P (|F(t)| > z) dx.

We then use a result by Bober, Goldmakher, Granville and Koukoulopoulos [2]: Let ¢ =
e Ylog2. For any 7 > 1,

T—Cc—2
]P’(max |F()|>2e”7')<exp{—e <1+O<10g7>>}.
0<t<1 T T

Therefore, combining both equations, the moment is finite and well defined.
F(t) is a random process, defined by the almost surely converging sum

_ Z (1 — cos(2mat)).

a>1

and the moment M(n,m) as

As shown in Section 2 we can define F' as the limit of the symmetric partial sums. The
infinite series F' is not absolutely convergent, so justification is needed to manipulate the
product Hf L F)m™ mm

We write the expansion of F(¢;)™ as

n"

7Tm: Z H a” (1 — cos(2mai ;ti)),

Qi1 @iyn, >1 j=1 g

and F' (ti)mi in a similar manner. Without changing the order of summation, the product
I, F(t)"F(ti)m is therefore
ng Xal J Xb

L ST

i=1j=1j'=1 ale 1,5’

(1 — cos(2ma; ;t;))(1 — cos(2mb; j:t;)),

where n = |n| and m = |m| as above. The sums are over a; ; > 1 and b; j» > 1, where
j€l,n;] and j' € [1,m,] for i € [1,k].

The moment M (n,m) is the expectation of this multivariate sum. To simplify the equa-
tion, we want to swap the order of expectation with the order of summation. Since the
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moment is finite, we use Lebesgue’s dominated convergence theorem [9, Chapter 2, Corol-
lary 5.3] to bring the expectation inside the sum. Using the multiplicativity of Steinhaus
random multiplicative functions, the moment M therefore equals?

] 1 — COS 271—041 JJ 1 — cos(2mb; j/t
(7Tn+m> Z ZE X Xb HH H a))[()z ( )),

i=1j5=135'=1 v

where

k i
a:= Hz 1 H] 1aig, b=l H?:l bi
Steinhaus random multiplicative functions X,, are orthogonal as n can always be written
as a unique prime factorisation and E(X,) = 0 for all primes p. In other words,

_ 1, a=b
E (XaXb) = l4=p = { 0, otherwise

Therefore we can rewrite the moment as follows,

M=E (Wner) Z Z H H H (1 — cos(2ma; ;t;))(1 — cos(2mb; j+t;)),

llabl lljlj’l

where a and b are the product of a; ; and b; ;- respectively. Taking ﬁ = l% and bounding
(1 — cos(z)) < 2, M is clearly bounded as a function of n; and m;. These variables are
fixed and finite, so the moment is absolutely convergent. Therefore, we can swap the order
of summation. As a result,

(4) M(n, m) = ( Wm) S By (a)Bus(a).

Ty

a>1
where
(5) Byi(x) = > HﬂN,,t ;)
Ty w=e i=1
and
(6) 6N,i,ti<m>— Z _H (1 — cos(2my;t;)).

YN, =T

The moment M, (n, m) can be also be rewritten using methods from Bober and Gold-
makher [3]. First, we use the Fourier expansion of f,(t), so

00T _ (log g + 1)+
f ( ) fX( ) (ﬂ_\[)n Mg ni—m lgazg:qni X(a)X(b)Bm,q,ti (a)ﬁmuq,ti(b) +0 < \/g ) )

1<b<q™i
where By 4.+ is defined as

1 N
(7) ﬁN,q,t(fE) = Z ; H 1 — cos 27T.’Ekt))

zyrn=x " f—1
zi<q

for (z,q) = 1 and 0 otherwise®.

Continuing to expand M,(n,m), we take a product of all fx(t,;)”ifx(t,;)mi for i € [1,k],
showing

k
fo(ti)mfx(ti) = ((\;E;nJrS(Z)nm Z X(a)x(0)By,q,t(@)Brn,q,t(b) + O (
i=1 1<a<q”

1<b<g™

for i€[1,k]

2Note the moment will be different for F, where we have sin(2mat) instead of (1 — cos(2wat)).
3For even characters, S, q,+ would instead sum over the product of sin(27xt).
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where
n=mniy+---+n,and m:=mq+---+my

and

k
(8) Bﬂﬂ,i(x) = Z HﬁNi,q,ti(xi)’

T1 T =T =1
z;<q"i

for (z,q) = 1 and 0 otherwise. Note that By ; and Sy, ¢, from Equations (5) and (6) are the
limits as ¢ — oo of B 4, respectively. Furthermore, we take the average of this product
over all odd Dirichlet characters x to find

(9)

1 2 _ N
Mg(n, m) “ryrminm 1<;qn (Buq,t(a)Bun,g.e(b)) @ ) %d qX(a)X(b)T(X) 7(x)
1<b<q™ x odd

+o<<lg%+’")

This form is more useful for future calculations and will used to prove M, tends to M as
q — oo through the primes.

3.2. Bounding the Moments. Later in the paper we will be interested in bounding By 4.«
and By . The inequality we find is independent of g, so we can consider both bounds at
the same time. Therefore for this subsection we will work with By g.¢.

Recall,

k
Bﬂﬂ»i(x) = Z HﬁNm%ti ('Tl)v

Ty TR=T j—1
z;<q"i

where

N
fware) = S =[]0 —cos(emy)),
)

Y1 YN =2;
y; <q

for (z;,¢) = 1 and 0 otherwise. Since |1 — cos(2my;t)| < 2, we always have the bound

N
Brvgela)] < 0,

where dy(z) is the Nth divisor function Zml___mN:m 1%, As a result,

2N b
By gi(x) < — [T dv. (),
T T1 " Tp=T 3=1
z;<qNi

where N = 3" N; = |N|. To further bound B we next use the following lemma.

Lemma 3.2. Let dy,(x1),dn,(x2) be the Nith and Nath divisor function of x1,x2 € N
respectively. We have the relation

dn, (21)dn, (22) < dyy4n, (@1 - 22).

Proof. We apply a combinatorial argument, where we view dy(x) as the number of ways
of choosing N positive integers that multiply to x. Therefore dn,+n, (21 - x2) is at least
the number of ways of choosing N7 integers multiplying to x; times the number of ways of
choosing N, integers multiplying to . O

4For Fy and even character paths, the 2V vanishes in the bound of 3 as |sin(27wy;t)| < 1. However,
since this bound is only included in error terms, the difference of the constant is irrelevant.



THE LIMITING DISTRIBUTION OF CHARACTER SUMS 11

Using Lemma 3.2, we bound By 4.:(z) by

2N dy (z) 2T dy (@)dy()
10 B =T e
( ) ﬂv‘bi(m) - x zl.;:z B r
z;<gMi

T

In parts of the proof, it is sufficient to use the looser bound, however we will mainly apply
the bound from Equation (10). This will be useful in future equations. Note that this is
independent of ¢ and ¢, so the bounds hold for By ; = limg—,oc By q,¢-

3.3. Proving Determinacy. Our aim is to use the method of moments to prove the
distribution of character paths modulo ¢ converges to F'(t) in the sense of finite distributions.
For this we need to show the moment M (n,m) is determinate, or in other words show the
moment only has one representing measure. To show that M is a determinate complex
moment sequence, it is sufficient to show that it satisfies

(11) N M)V = oo,
n=1

where n = (n1,...,n;) and n = |n| = >, n;. This is also known as the Carleman condition
[16, Theorem 15.11].

Lemma 3.3. The moment M (n,m) satisfies Equation (11).

Proof. This is shown using Equation (4) and taking n = m. Setting n = |n| = |m/, we have
1 2
M(n,m) = Ton §>:1 Bp,i(a)”.

We use the bound of B from Equation (10), taking di(a) < a for small ¢, > 0, so
22n dn(a)2 22n dn(a)Q
Mnm) < —od o= 2o >

a>1 a>1

taking o := 1 — €. We can use Proposition 3.2 from Bober and Goldmakher [3], which
states for 1/2 < o <1,

(12)

S dn(a)2 L (Qn)l/a- n (Qn)l/c’
< 2no log log(2n)t/7 + =22 .
; 2o~ = exp ( 2nologlog(2n)™7 + = + O o7 e BETT)

Here we have shown the sum has the lower bound
e 00 2n)1/o'—1 1 (2n>1/0—1
M —-1/2n > z —ol 1 ( 2 1/0’) _ ( 9] )
; (n,n) zZ5 ;exp ologlog ( (2n) 95 — 1 + 55 —1 + log(3(2n)1/7 1)
The lower bound can be rewritten as

St (5 ) = (0 (5 )

n=1

Tending 0 = 1 — ¢, to 1, this sum diverges. Therefore

(oo}
> M(n,n) " = o,
n=1

and the Carleman condition holds. Therefore the claim is proved. [
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3.4. Convergence of Moments. In this section we show the moment sequence M, con-
verges to the multivariate moment of F', therefore proving Theorem 3.1. Separating the
distribution by parity, we have two propositions.

Proposition 3.4. Let k > 1 be given and 0 < t1 < -+ < t, < 1 be fired. Fix n =

(n1,...,ng) and m = (mq,...,my), where n;,m; € Z>o. Let
My, (n,m Z fo A"
X oddi=1

Then for all € > 0,
V)= 02+ On (454,

where

M_(n (HF YU ( ))

Importantly, M, _(n,m) — M_(n,m) as g — oo through the primes.

Proposition 3.5. Let k > 1 be given and fix t,n,m as in Proposition 3.4. Let

Mg +(n,m) Z fo v)

X even i=1

Then for all e > 0,

My +(n,m) = M_(n,m) + Onm.k (q—1/2+e) 7

where

M (n <HF+ VUFL (L) )

Importantly, My +(n,m) — M4 (n,m) as ¢ — oo through the primes.

In this section we only look at the F, _ case, where x is odd. There are equivalent
propositions and lemmas for the even case, where the proofs are analogous to the proofs
shown in the section. In places where the proof differs, we will state the results for 7, 4
and how it doesn’t largely affect the proof.

These propositions are sufficient to prove Theorem 3.1, showing (F;(t))q prime converges
in finite distributions to F'(t). We prove Proposition 3.4 as a combination of the following
2 propositions.

Proposition 3.6. Let k > 1 be given and t = (t1,...,tg), where 0 <t < --- <t <1, be
fized. Fizn = (n1,...,n) and m = (mq,...,my), where n;,m; € Z>o and

ni=mny+ng+--+ng=mg+- -+ m.
The moment sequence defined in Proposition 3.4 can be expressed as

1 (log ¢)*"
Mot = 25 )+ s (5.
a>1

where By 1 is defined as

By s(a) = - (1 cos(2ry,)

=[]
—_
—
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Proposition 3.7. Let k > 1 be given and t = (t1,...,tg), where 0 <t; < --- <t <1, be
fized. Fizn = (ni,...,ng) and m = (mq,...,my), where n;,m; € Z>o and

n:=mny+ng+---+ng=mg+- -+ my.

Then

where By ; is defined as in Proposition 3.6.

Before the proof of the propositions, we will use them to prove Proposition 3.4.

Proof of Proposition 3.4. Take n =ny +ng +--- +ng and m = mq + - - - my. We split the
proof into 2 cases: n = m and n # m. The first case has already been shown by Propositions
3.6 and 3.7:

1 log ¢)%"
My () = 3 B )Bua(o) + O (L5 )
a>1

k n
- (HwaF(m”i) +Oume ()

Therefore, the only case left to show is when n # m. We recall Equation (4):

M) = B (510) Y Bua(o)Bus(a)

a>1

Since 7 is uniformly distributed on the unit circle, E(n"%") = 0 and the moment M_
vanishes. Therefore, to conclude the proof, we need to show the moment M, _ — 0 as
g — 00. As shown in Equation (9), we can write M, _(n, m) as

—m

2 (Buatl@Buas®) s SR

(mya)m | Lz
1<b<q™

co ey,

Assuming n > m, we rewrite T(X)nT(X)m as ¢"7(x)" ™. Therefore, taking x(a) = X(a),

M, _(n,m) =

2 —m 2¢™ .
el %:Y(a)x(b)f(x)"T(x) = Sl @ BT

X
Lemma 3.8. For N € N,

2
#(q)

T x(a)T(X)N‘ < aNgN-V/2,
x mod g

x(-D=co

where o = {1, —1}.

This lemma is a slight generalisation of a result by Granville and Soundararajan [8,
Lemma 8.3] and uses Deligne’s bound on hyper-Kloosterman sums. Below follows Granville
and Soundararajan’s proof, with a modification to include when y is even.

Proof. Firstly, we rewrite the sum as exponential sums, using orthogonality of characters
and the definition of the Gauss sum 7(x):

¢>(2q) 2 Xarh¥= 3, e (W) + sgn(o) > . (xl +

x mod ¢q Z1,...,xny mod g Z1,...,cny mod g
x(—1)=c ry1--xny=a mod g z1-xy=—a mod q

oty
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Then, using Deligne’s bound [5]

Y (M> ‘ < NgN-D/2,

Z1,...,cny mod g q
z1--xN=b mod q

we have proved the lemma. O

As a result, we have the inequality

2(n—m
My )] < 20 Y BB )]+ O (
g \/a 1<a<q™

1<b<g™

We also have the bound on B, as shown in Equation (10),

B oa(a) < 2dn(@)di(@)

Therefore, trivially bounding both divisor functions by ¢¢ for € > 0,

n € 1 n € n
> Bugila) < 2% Y o < 2" log(¢").

1<a<q” 1<a<q™
We get an analogous result for 37, m [Bm,q,t(b)]. As a result,
21+n+m _ € 10 n 10 m 10 n+m
(n nz)ﬂn g(q")log(¢™) Lo <( g9) ) S GV,
RN Va

which tends to zero as ¢ — co. By a similar method we can show this is also the case when

M‘L—(@a m) <

n < m. Therefore Proposition 3.4 holds. O
Having proven Proposition 3.4 assuming Propositions 3.6 and 3.7, we will now prove
both results, showing when |n| = |m| both lim,_, M, and M equal
1
—n > By i(a)Bm(a).
a>1

Recall that we are only proving the odd character case, as the proof is analogous for F ..
For odd characters, By q () is defined in Section 3.1 as

k k N;
Z HﬁN,i,q,ti (m5) = Z %H Z H(l — cos(2my;t)).

L1 TR=Tj=1 L1 Te=T  4=1Y1""YN,=Ti j=1
z;<q"i z;<q™i yi<q

For ease of notation, in the proofs we refer to M, _ and M_ as M, and M respectively.
Proof of Proposition 3.6. Taking n = m, where

n=|n|=ny 4+ - +nyg, m = |m|=my + -+ my,
we rewrite Equation (9) to

o 2n
My (n,m) = ﬂ-%n Z (Bn,q@(a)Bm,q,z(b)) VY Z x(a)x(b) + O ((1gq)> ’

<optqn #(q) o Vi

where B,, 4 is defined as in Equation (8).
Using the orthogonality of x, and noting we are only summing over odd characters x
modulo ¢°, the moment sequence becomes

(13) My(n, m) :W%ZJF(Q’ m) — #27<Q’ m) + O <(log\/q§)") 7

5The method for the even character case would differ here. Firstly recall B involves sin instead of (1—cos)
in the even case. Additionally, since these are even characters, we would have M, = ﬁ2+ + ﬁﬁ_ +
o ((log q)Q"q_l/Q), where we are adding the X_ term instead of subtracting it. However, the >_ term is
eventually swallowed by the error term, so this doesn’t affect the end result.
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where
Ei(n,m) = Z B,qt(a)Bm,gt(b), E_(n,m):= Z Bi,q,t(a)Bnq,(b)-
1<a,b<q™ 1<a,b<q™
a=b mod q a=—b mod ¢q

The aim is to get the main sum independent of gq. Using ideas from Bober and Gold-
makher [3, Proof of Lemma 4.1], we consider ¥ and ¥_ simultaneously. First we split the
sums into arithmetic progressions mod ¢, noting that B, 4.(z) vanishes when ¢z,

Yi(n,m) = Z Z Bn,q.t(a+714)Bim,q,t(b+ 729)-

1<a,b<q  0<y1,72<gn~!
a=+b mod q

We simplify ¥4 by splitting the inner sum into 3 = 5 = 0, y1 # 0, and 5 # O:
Z Big.t(a+719)Bim.g.t(b+ 729)

0<y1,72<qn 1

2
= (Bﬂ,q,z(a)Bm,q,z(b)) + Z Z Br,q,t(a +719)Bng,t (b + 729)-

J=10<y1,72<q™
73 70

For ease of notation, we define the above latter sum as

2
Q= Z Z Bp,q.t(a +719)Big,e(b+ 729).

IJ=10<y1,72<g™
7570

We can bound €2 by using the bound of B shown in Section 3.2, so

@y Y (et 0ot ) dalb o+ re0)dilbt20)
= a+v1q b+ 29

J=10<y1,72<q !
v #0

By bounding the divisor functions by O, x(¢¢), we can further bound the sum to

2
1 1
Q <k ¢ :
ST L@t mab+ g

I=10<y1,72<q™ "
Vi

We can use the bound on partial harmonic series,

n—1

- qz: 1 log(¢"™)
’ T+v¢ - g

~y=1
to further bound €. As a result,

2
1 1 1 1 log(g"™Y) /1 1  2log(qg"™1)
= (= - <08\ (2 2 208 )
IDEDD a+mqb+72q <a+wa>wb+wa(b+wb>_ q a5 g

J=10<y1,72<q" !
v; #0

Therefore Y+ can be written as,

q¢log(q" ! 1 1 2log(g™!
Bim Y (Baas@Bugs®) + 0 | LT 5 (12 Zoslat )

a
1<a,b<q 1<a,b<q
a=+b mod ¢ a=+b mod ¢

For ¥, we have a = +b mod g and 1 < a,b < q. Therefore a = b and we have

X4 = Z (Bug,t(0)Bun,g,t(a)) + O M Z (i+2h)g;€1(]n—1))

1<a<q 1<a<q
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For ¥_ we have 1 < a,b < g and a = —b mod q. Therefore b = ¢ — a and

q¢log(q" ! 1 1 2log(q" !
Y= Z (Bﬁ,q,é(a)gm,q,z(q - a)) + Ok # Z (a + + ( )

—a
1<a<q q 1<a<q a q

We bound the partial harmonic series again by log g to simplify both errors for ¥, and ¥_.
Consequently both error terms above can be bounded by

lo n—1
On. i (gq(fe) (2 log q + 210g(q"_1))> .
By combining the error terms, the moment sequence from Equation (13) is®

My(n,m) :7_‘_%24-(@7@) - W%E_(@,m) +0 (amf/qa)n)

1 1
T Z (Bﬁ’qvﬁ(a)Bﬂ-’qvi(a)) T qen Z (Bﬂ,q,z(a)gmyqé(q - a))
1<a<q 1<a<gq
922n+2(] n—1\2 1 2n
+0M<(ff))+oC%M)>.
q V4
Our aim is to only have one main term,
1
2 (Bui(@)Bi(a)).
a>1

so we want to first bound the term

1
(14) —= Y (Bugi(a)Bumgi(qg—a)),
™ 1<a<q
and then extend the sum
Z (Bﬂ,q,t(a)Bmﬂé(a))
1<a<q

over all positive integers.
To bound Expression (14) we again use the bound of B from Section 3.2 to show

Z (Bg,q,g(a)lgm,q,g(q o a)) < 22n Z dn(a>dk(a) dn(q - a)dk(q - a)

a q—a
1<a<q 1<a<gq
1 21
< q° Z ol _a)éqe °8q
1<a<q q q
As a result,
1 lo log g™~ 1)? log q)"
My(n,n) = on Z (B&qé(a)lgﬂ,q,z(a)) + On.k ( Fg) + On i <(gcf€)> +0 <<gQ)> .
™ 1<a<q q q v

This can be simplified, as B,,,q,; is equivalent to By, ; in this case, and we can combine the
errors. Since k,n, m are all fixed, we omit the dependencies on the error for ease of notation.
Therefore

) %mmzélz(mmmmm+o@%gv.

The final step is to extend the main sum to infinity. We rewrite the sum

Z (B&é(a)Bm,t(a)) = Z (Bn,z(a)Bm,z(a)) - Z (Bn,t(a)Bmé(a)) .

1<a<gq a>1 a>q

6Recall we are add the $_ term instead of subtracting it in the even character case.
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By bounding B as before, the second sum has the upper bound
d (a)di(a)
2n n k
S (Bus(@)Bme(a) <2273 <2> |
a>q a>q
We take dy,(a)2di(a)? = O(a2%n) =: Op(ac), so
a —1+4€
(16) > (Bua(@)Buel)) < 30 G5 a7
a>q a>q

This bound is clearly smaller than the error term in Equation (15), so as a result,

o 2n
M, (n,n) = Tin Z (But(a)Bm,t(a)) + O ((lff?) .

O

To finish proving Proposition 3.4 we prove Proposition 3.7, showing how the expectation
also equals the sum

rin > (Bui(@)Bui(a)) -

a>1

Proof of Proposition 3.7. We are interested in the expectation

k
M(n,m) =E (H F(ti)"iF(mm’) :
i=1

Using Equation (4) from Section 3.1, and n :=nj + ---ng = mq + - - - + my, the moment is
equivalent to

M(n,m)=E <n :

2

> Z B, i(a) By, i(a).

a>1
Therefore we have
b - 1
E (1_[1 F_ (tl)n1F_ (tz) 1) = ﬁ z>:1 Bﬂ,i(a)Bmé(a),
i= a>

proving Proposition 3.7. (]

Therefore we have shown the multivariate moment sequence
2 b —
Myn,m) = oo > [LA®)™ A&
¢(q) x oddi=1

converges, as ¢ — oo through the primes, to

k
: (H F<ti>"iF<ti>W> |
=1

for all k-tuples n,m and 0 < ¢t; < --- < t < 1. This section only addressed the odd
character case, but the proof is similar for even characters and leads to the same results.
Therefore (]:qi)q prime’ the distribution of odd/even character paths f, modulo ¢, converges
to Fiy as ¢ — oo in the sense of convergence in finite distributions.
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4. RELATIVE COMPACTNESS OF THE SEQUENCE OF DISTRIBUTIONS

In the previous section we showed (F,) converges in finite distributions to the process F'
as ¢ — oo through the primes. If we can prove the sequence of distributions is relatively
compact, then it follows that (F,) converges in distribution to F' [1, Example 5.1]. This is
much stronger than convergence of finite-dimensional distributions and concludes the proof
of Theorem 1.1.

Prohorov’s Theorem [1, Theorem 5.1] states that if a sequence of probability measures
is tight, then it must be relatively compact. For this we use Kolmorogorov’s tightness
criterion, quoted from Revuz and Yor:

Proposition 4.1. [15, Th. XIIL1.8] Let (L,(t)):cpo,1] be a sequence of C([0,1])—valued
processes such that L,(0) = 0 for all p. If there exists constants « > 0, 6 > 0 and C > 0
such that for any p and any s < t in [0,1], and we have

E(|Lp(t) — Lp(s)|%) < CJt = s'*?,
then the sequence (Ly(t)) is tight.

For our sequence of processes (Fy(t))c[0,1] We have f,(0) = 0 for all g. We also have the
trivial bound

1fx(®) = fx(s)] < Valt = s,
leading to

E|fy(t) = £ (s)]™" < "t — s,

As a result, for k > 1 if we take |t — s| < ql—l,e for € € (0, =L, we have

(17) E|f(£) = fi(s)]? < [t — 5|75 = |t — o' H01,
where §; = kilfi_(l;%) Therefore if we show a similar bound for E|fy(t) — fX(s)|2k for
[t —s| > ﬁ then the tightness condition holds for our sequence of processes.

Various authors have found results bounding the average of the difference of character
sums. For example, Cochrane and Zheng [4] prove for positive integers k and Dirichlet
characters modulo prime g,
2k

<<e,k qk—l—i-e + |t _ 8|kqe.

s+t

> x(n)

n=s+1

1

q—1

X#Xo

To prove tightness however we need the |t — s| term independent of q.

Lemma 4.2. Let q be an odd prime. For all € € (0,1), there exists absolute constants
C1(¢e), Cy independent of q such that for all0 < s <t <1,

MAW—&GWscﬁw—ﬂH®+@&€N’

where §9 =1 — €.

This lemma can be applied to characters of all moduli, not just primes, but for our work
4
it is sufficient to look only at primitive characters. Clearly if |t — s| > @ then the
equation becomes

E|f () — f(s)]" < COJt — 5+,

which, combined with Equation (17) above, proves the sequence (F,) is tight for all s,¢ €
[0,1].

Lemma 4.2 is similar to a result of Bober and Goldmakher [3, Lemma 4.1] and we use
parts of their work in the proof. Unlike Section 3.3, we will consider the odd and even case
at the same time.
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Proof of Lemma 4.2. Using the Fourier expansion of f,, the difference (f, () — fy(s)) can

be written as
X(n log ¢
n)(1—e(— (t—s)n))—i—O(\/a).

271'@
\f 1<|n|<q

Consequently,

4

X o n) (1~ e(—(t — 5)m))

1<n<gq

| F () = f 4+O((3+10gqyl).

q2

Similar to Section 3.1 and [3, Lemma 4.1], we define

b(n) = { & Snama=n [Ty (e(=smy) (1= e (~(t = 5)ny))) | (n.0) = 1,

otherwise.

0

Therefore,
4

S X ) (1 e~ (¢ — 5)))

1<n<q

= > X(m)b(n)

1<n<q?

The sum b(n) can be bounded using (1 — e(x)) < min{2,z}, so

22
(18) b(n)| < d(n) min{n, 2r(t —s))? }
As a result, taking n = a + mgq,
(19)
2 q q 2 q q d(a + mq
E Z xX(n)b(n) :Z Z b(a + mq) S42:|b(a)|2 Z o tm ’ :
1<n<q? a=1"'"m=0 a=1 a=1 m=1 q
We are interested in bounding the latter inner sum,
q
d(a + mq) d(m)
D, = — = —.
D ot >
m=1 q<m<(a+q°)
m=a(q)
By Abel summation this is
1 (a+a®) 1
g<m<(a+q?) q m<t
m=a(q) m=a(q)

In order to further bound the sum, we use the Shiu’s upper bound [17, Theorem 1],

xo(q )logw log =
E d ZPH) e Lo
(n) <s o <z q

n<x
n=a (q)

which is valid for all z > ¢**? for any § > 0. Therefore,

D 1 d 1 d(a)d
T Ur e Z (m)+/q 2 Z (a)dt

g<m<(a+q°) m<t
m=a(q) m=a(q)

:O(log( ) (/(a+q)1ogt >+/q1+5t12 > d(a)dt

m<t
m=a(q)
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The latter integral is bounded by the following results [6, Equation 27.11.2][7]:
Z d(m) = tlogt + (2y — 1)t + O(\/t) = O(tlogt),

m<t
1 tlogt
d(a) = — d(m) + O ((¢"? + /)t O( )
3 do) =g X dm) ((a ) ;
m=a(q) (m.q)=1

Combining these equations, we have
1 1 2 1 2
D, _O<0gq) +Oé((ogq) )+Oé<(0gq) )
q q q
As a result, fixing § > 0, Equation (19) becomes
log ¢)*
4 |bla)*+ 0 (( :
)iy oo (™

2 q

<iY o ro(3
a=1 a=1

Therefore the only sum left to evaluate is >, |b(a)|>. Using the bound from Equation

(18) and splitting the cases L > 7%(t — s)? and 1 < 7%(t — 5)?, we have

Yo <2t [rtt-9t Y d@)?+ ) d(aag)

a=1 a<m—2(t—s)"2 m2(t—s)"2<a<q

q

>

a=1

q

Z b(a + mq)

m=0

(log g)*

We combine the two sums by Rankin’s trick. Taking z = 7= 2(¢t — s) 2,

1 5 27 = d(a)?
ﬁ;d(a) < 2y 1<o <2,
d(a)? 1 < d(a)?
> (GQ) < 2@ , 0< oy < 1.
a>x a o2 a=1 as= 7

Note 01,09 are bounded so that the sums converge and tend to zero as x — oo. These
sums are addressed by one of Ramanujan’s identities [14, Section 1.3.1, Question 5]. For

Re(s) > 1
S0 _ ("
— n ¢(2s)
Therefore
q 2<2 ( L <(202)4>.
- 2= C 201 x2 ((2(2 — 02))
Taking o := min(2 — o1, 02) € (0,1) and substituting back 7= 2(t — 5)~2 = x,
1 C(01)4 1 C(Q - 02)4 < 2 — C7T2U(t _ 5)20'

22701 ((201) 272 ((2(2—02)) T 27
for some C' = C(o) > 0. As a result,

o 4
E|fy(t) - f ()| < Ot = 9)* + 0 (quq)> _

Taking 0 = 1 — € and therefore 20 = 2 — ¢, we have completed the proof. O
Lemma 4.2 shows that the Kolmorogorov’s tightness criterion argument holds for

1 4
|t— s|1+52 > m’
q

where we take a = 4 from Proposition 4.1. Therefore, combining with Equation (17), we
have shown for constant K

[t —s|' 0, ft—s| < g (7
E’fx( fx( )| { K|t — s|1+62, It—s| > (logq)‘lq’l )
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where we can choose d; and d2 in such a way that for §; = % for €, € (0, %) and and
02 = 1 — eg where €5 € (0,1). This is possible as our initial parameter choices are flexible
enough to allow this.

For large enough ¢, we have
log ¢)* 1
(log q) <

q gt
Therefore taking ¢ := min(dy, d2), Kolmorogorov’s tightness criterion holds for all ¢, s and
(Fq) is tight. As a result, (Fy)q prime converges in distribution to the random process F'
as ¢ — oo, proving Theorem 1.1. This concurs with the result from Bober, Goldmakher,

Granville and Koukoulopoulos for their distribution function

1 ey
D,(7) = qi?(q)#{x mod ¢ : mtax\SX(t)\ > ﬂ_T}

weakly converging to their limiting function [2, Theorem 1.4]

O(r) =P (m?x |F(t)| > 26"’7’) .
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